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Abstract
We study the quantum entropy and entanglement of the 2D isotropic
harmonic oscillators in noncommutative phase space. We propose a defini-
tion of quantum Re´nyi entropy by the Wigner functions in noncommutative
phase space. Using the Re´nyi entropy, we calculate the entanglement en-
tropy of the ground state of the harmonic oscillators. We find that the 2D
isotropic harmonic oscillators can be entangled in noncommutative phase
space. This is an entanglement-like effect caused by the noncommutativity
of the phase space. We also study the Tsallis entropy of the harmonic os-
cillators in noncommutative phase space.
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1 Introduction
In the past decades, there has been much interest in the study of physics in
noncommutative space [1]-[10]. The ideas of noncommutative spacetime already
started in 1947 [11]. In the 1980’s, Connes formulated the mathematically rigor-
ous framework of noncommutative geometry [12]. A noncommutative spacetime
also appeared in string theory, namely in the quantization of open string [1]. The
noncommutativity of spacetime also plays an important role in quantum gravity
[13, 14]. The concept of noncommutative spacetime is also applied in condensed
matter physics, such as the integer quantum Hall effect [15]. Since the noncom-
mutativity between spatial and time coordinates may lead to some problems with
unitary and causality [16], usually only spatial noncommutativity is considered.
Although in string theory only the coordinate space exhibits a noncommutative
structure, some authors have studied models in which a noncommutative geom-
etry is defined on the whole phase space [17]-[25]. Noncommutativity between
∗Email: sclbs@scut.edu.cn
1
ar
X
iv
:1
80
8.
01
64
6v
2 
 [m
ath
-p
h]
  1
0 D
ec
 20
18
momenta arises naturally as a consequence of noncommutativity between posi-
tions, as momenta are defined to be the partial derivatives of the action with
respect to the position coordinates.
The noncommutativity between the coordinates of the space may change the
properties of the physical system. For example, in a multipartite system, there
maybe some new quantum correlations between the subsystems induced by the
noncommutativity of the space, such as quantum entanglement or other types
of quantum correlations. Quantum entanglement is one of the key features of
quantum physics, and it has many applications in quantum information, many-
body physics and spacetime physics [26]-[30]. Entropy provides a tool that can be
used to quantify entanglement. If the overall system is in a pure state, the quantum
entropy of the whole system equals zero, and the entropy of one subsystem can be
used to measure its degree of entanglement with the other subsystems. This is the
so-called entanglement entropy. Some authors have already studied the quantum
entanglement and entropy of physical systems in noncommutative space [31]-[37].
One usually use the von Neumann entropy to analyse the physical systems.
The von Neumann entropy is defined by the density operators. Since we consider
the physical system in noncommutative phase space (NCPS) in the present work,
it is convenient to use the Wigner functions to calculate the entropy of the system
[38]. There are some types of quantum entropy defined by the Wigner functions in
phase space [39]-[43]. We will use the Re´nyi entropy and Tsallis entropy to anal-
yse the entanglement of the harmonic oscillators in noncommutative phase space.
Quantum Re´nyi entropy and Tsallis entropy can be considered as generalizations
of von Neumann entropy [43, 44].
This paper is organized as follows. In Section 2, we consider the 2D harmonic
oscillators in noncommutative phase space, and derive the Wigner functions of
the system by virtue of deformation quantization method. Using the quantum
Re´nyi entropy in noncommutative phase space, the entanglement entropy of the
oscillator system is calculated in Section 3. We find that there is entanglement of
the harmonic oscillators induced by the noncommutativity of the phase space. We
also use the Tsallis entropy to analyse the harmonic oscillators in NCPS. Some
discussions and conclusions are given in Section 4. The definition of quantum
Re´nyi entropy in noncommutative phase space is discussed in Appendix A, and
some calculations of the ∗−exponential functions is presented in Appendix B.
2 Wigner functions of harmonic oscillators in
noncommutative phase space
In the present work, we will consider a 4D noncommutative phase space in which
the coordinate operators xˆi, pˆi satisfy the following commutation relations,
[xˆi, pˆj] = iδij~ , [xˆ1, xˆ2] = iµ , [pˆ1, pˆ2] = iν , (1)
where i, j = 1, 2, and µ, ν are real parameters. We usually assume that µ, ν are
very small numbers, and |µν|  ~2.
Let us consider the simplest 2D isotropic harmonic oscillators in the noncom-
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mutative phase space, and the Hamiltonian can be written as
H =
1
2m
p21 +
1
2m
p22 +
mω2
2
x21 +
mω2
2
x22 . (2)
Because of the noncommutativity between the coordinates, there are no wave
functions such as ψ(x1, x2). Instead one can consider the Wigner functions of the
system. By virtue of deformation quantization method, one can derive the Wigner
functions and energy spectra of the system in the noncommutative phase space
[38]. In noncommutative phase space, the Hamiltonian and the corresponding
Wigner functions W satisfy the so-called ∗−genvalue equation
H ∗W = W ∗H = EW, (3)
where E is the corresponding energy, and the ∗−product is defined as
∗ := exp
{
i~
2
(←−
∂xi
−→
∂pi −
←−
∂pi
−→
∂xi
)
+
iµ
2
ij
←−
∂xi
−→
∂xj +
iν
2
ij
←−
∂pi
−→
∂pj
}
. (4)
Here we have used the Einstein summation convention, and (ij) is the antisym-
metric matrix
(ij) =
(
0 1
−1 0
)
.
The relation (3) corresponds to the time-independent Schro¨dinger equation of wave
function. By solving the ∗−genvalue equation (3), one can obtain the Wigner
functions and the energy spectra of H.
Using the methods in Ref. [38], one can get the Wigner functions of H (2),
Wij =
(−1)i+j
pi2h+h−
e
− 2H+
h+ω
− 2H−
h−ωLi
(
4H+
h+ω
)
Lj
(
4H−
h−ω
)
, (5)
where
h± = ~
(√
1 + δ2 ± η), η = m2ω2µ+ ν
2~mω
, δ =
m2ω2µ− ν
2~mω
. (6)
Ln(x) are the Laguerre polynomials, and
H+ =
1
2
(
p1√
m
cos(c) + ω
√
mx2 sin(c)
)2
+
1
2
(
ω
√
mx1 sin(c)− p2√
m
cos(c)
)2
,
H− =
1
2
(
p2√
m
sin(c) + ω
√
mx1 cos(c)
)2
+
1
2
(
ω
√
mx2 cos(c)− p1√
m
sin(c)
)2
,(7)
where
c =
1
2
arccot(δ). (8)
The corresponding energy spectrum of H is
Eij =
(
i+
1
2
)
h+ω +
(
j +
1
2
)
h−ω
= ~ω
[
(i+ j + 1)
√
1 + δ2 + (i− j)η
]
. (9)
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The Wigner functions Wij also satisfy the following ∗−orthogonality relations
Wkl ∗Wij = 1
4pi2~+~−
δkiδljWij =
1
4pi2(~2 − µν)δkiδljWij . (10)
For the ground state, the Wigner function is
W00 =
1
pi2h+h−
e
− 2H+
h+ω
− 2H−
h−ω . (11)
Obviously, this Wigner function is always positive. It is easy to verify that∫
W00(x1, p1;x2, p2)dx1dx2dp1dp2 = 1. (12)
The Wigner functions of the reduced states are
W
(1)
00 (x1, p1) =
∫
W00(x1, p1;x2, p2)dx2dp2
=
√
1 + δ2
pi~
√
(1 + δ2)2 − δ2η2 e
−
√
1+δ2
~mω
(
p21
1+δ2−δη+
m2ω2x21
1+δ2+δη
)
, (13)
and
W
(2)
00 (x2, p2) =
∫
W00(x1, p1;x2, p2)dx1dp1
=
√
1 + δ2
pi~
√
(1 + δ2)2 − δ2η2 e
−
√
1+δ2
~mω
(
p22
1+δ2−δη+
m2ω2x22
1+δ2+δη
)
. (14)
3 Entropy and entanglement of the harmonic os-
cillators in NCPS
Now let us consider the quantum entropy and entanglement of the harmonic os-
cillators in 4D noncommutative phase space. For a bipartite system, one may
use the entanglement entropy, namely, the entropy of one of its reduced states to
measure the entanglement of the system. So for the ground state of the harmonic
oscillators (2), its entanglement entropy is just the entropy of the reduced states
(13) or (14).
We will use the quantum Re´nyi entropy to quantify the entanglement of the
harmonic oscillators in the present work. In 4D noncommutative phase space,
the quantum Re´nyi entropy can be defined by the Wigner functions as follow (see
Appendix A for more details),
Sα(W ) =
1
1− α ln
((
4pi2(~2 − µν))α−1 ∫ Wα∗ dx1dp1dx2dp2) , (15)
where α is a positive real parameter, and W n∗ is the n-th ∗−power of the Wigner
function W . Since there are the orthogonality relations for the pure state Wigner
functions such as (10), the quantum Re´nyi entropy of pure states equals zero in
noncommutative phase space, e.g., Sα(Wmn) = 0. This is just the same as the von
Neumann entropy.
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For simplicity, we only consider the entanglement entropy of the ground state
of the harmonic oscillators in NCPS. Since the total entropy of the ground state
of the 2D harmonic oscillators in NCPS is zero, Sα(W00) = 0, the entanglement
entropy Eα(W00) of the harmonic oscillators is just the entropy of the reduced
states (13) or (14),
Eα(W00) ≡ Sα
(
W
(1)
00
)
= Sα
(
W
(2)
00
)
=
1
1− α ln
(
(2pi~)α−1
∫ (
W
(1)
00
)α
∗
dx1dp1
)
. (16)
First, let us consider the cases of positive integers α > 2. Using the ∗−product (4),
and after some straightforward calculations, one can obtain the following relation,
Eα(W00) =
1
α− 1 ln
(
βα
(2λ)α−1
)
=
1
α− 1 ln(βα)− ln(2λ), (17)
where
λ =
√
1 + δ2
(1 + δ2)2 − δ2η2
=
√
4~4m2ω2 + ~2(m2ω2µ− ν)2
4~4m2ω2 + (2~2 − µν)(m2ω2µ− ν)2 , (18)
and the sequence βn is defined by the recurrence relation
βn = βn−1 + γn−1, γn = λ2βn−1 + γn−1, (19)
with initial conditions
β1 = γ1 = 1. (20)
For example, there are
β2 = 2, γ2 = 1 + λ
2;
β3 = 3 + λ
2, γ3 = 1 + 3λ
2;
β4 = 4 + 4λ
2, γ4 = 1 + 6λ
2 + λ4;
β5 = 5 + 10λ
2 + λ4, γ5 = 1 + 10λ
2 + 5λ4;
β6 = 6 + 20λ
2 + 6λ4, γ6 = 1 + 15λ
2 + 15λ4 + λ6;
...... (21)
So we have
E2(W00) = ln
(
β2
2λ
)
= − ln(λ)
=
1
2
ln
(
1 +
δ2(1 + δ2 − η2)
1 + δ2
)
, (22)
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E3(W00) =
1
2
ln
(
β3
(2λ)2
)
=
1
2
ln
(
3 + λ2
4λ2
)
=
1
2
ln
(
1 +
3δ2(1 + δ2 − η2)
4(1 + δ2)
)
, (23)
E4(W00) =
1
3
ln
(
β4
(2λ)3
)
=
1
3
ln
(
1 + λ2
2λ3
)
=
1
3
ln
(√
1 +
δ2(1 + δ2 − η2)
1 + δ2
(
1 +
δ2(1 + δ2 − η2)
2(1 + δ2)
))
. (24)
One can also write down the entanglement entropy Eα(W00) for the integers α > 5
by some straightforward calculations. But the expressions become more complex
as the number α increases.
For α = 1, the expression of the quantum Re´nyi entropy of the reduced state
will become (see Appendix A for more details)
S1
(
W
(1)
00
)
= −
∫
W
(1)
00 ∗ ln∗
(
2pi~W (1)00
)
dx1dp1
= −
∫
W
(1)
00 ln∗
(
2pi~W (1)00
)
dx1dp1. (25)
This just corresponds to the von Neumann entropy in phase space.
The reduced state Wigner function W
(1)
00 (13) can be rewritten as (see Appendix
B for more details)
W
(1)
00 =
λ
pi~
√
1− λ2 exp∗
[√
1 + δ2
2λ~mω
(
p21
1+δ2−δη +
m2ω2x21
1+δ2+δη
)
ln
(
1− λ
1 + λ
)]
. (26)
So we have
ln∗
(
2pi~W (1)00
)
= ln∗
(
2λ√
1− λ2 exp∗
[√
1 + δ2
2λ~mω
(
p21
1+δ2−δη +
m2ω2x21
1+δ2+δη
)
ln
(
1− λ
1 + λ
)])
= ln∗
(
2λ√
1− λ2
)
+ ln∗
(
exp∗
[√
1 + δ2
2λ~mω
(
p21
1+δ2−δη +
m2ω2x21
1+δ2+δη
)
ln
(
1− λ
1 + λ
)])
= ln
(
2λ√
1− λ2
)
+
√
1 + δ2
2λ~mω
(
p21
1+δ2−δη +
m2ω2x21
1+δ2+δη
)
ln
(
1− λ
1 + λ
)
. (27)
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After some calculations, one can obtain the entanglement entropy E1(W00),
E1(W00) ≡ S1
(
W
(1)
00
)
= − ln
(
2λ√
1− λ2
)
−
√
1 + δ2
2λ~mω
ln
(
1− λ
1 + λ
)∫
W
(1)
00
(
p21
1+δ2−δη +
m2ω2x21
1+δ2+δη
)
dx1dp1
= − ln
(
2λ√
1− λ2
)
− 1
2λ
ln
(
1− λ
1 + λ
)
=
1
2λ
[
(1 + λ) ln(1 + λ)− (1− λ) ln(1− λ)]− ln(2λ). (28)
Since η2 − δ2 = µν/~2, if we assume |µν|  ~2, then −1 < δ2 − η2 < 1. From
the expression (18), it is easy to see that
0.577 =
√
3
3
< λ 6 1. (29)
When δ = 0 or 1 + δ2 − η2 = 0, namely, µ = ν = 0 or ν/µ = m2ω2 or µν = ~2,
there is λ = 1. When δ2 − η2 → 1 and δ2 → ∞, namely, µν → −~2 and
|m2ω2µ− ν| → ∞, there is λ→ √3/3.
From the recurrence relation (19), one can find that the sum of the coefficients
of βn (or γn) in (21) is exactly 2
n−1. For the integers n > 1, we have
(2λ)n−1 6 βn 6 2n−1. (30)
When λ = 1, there is βn = γn = 2
n−1.
From the expression (17) and (28), for α > 1, we have
0 6 Eα(W00) < 1. (31)
So the entanglement entropy Eα(W00) are always nonnegative.
When λ = 1, namely, µ = ν = 0 or ν/µ = m2ω2 or µν = ~2, the entanglement
entropy of the harmonic oscillators reaches its minimum Eminα (W00) = 0. This
means that there is no entanglement in the oscillator system. µ = ν = 0 is just
the case in normal commutative space. µν = ~2 will cause some singularity, and we
usually assume |µν|  ~2. For the case ν/µ = m2ω2, there is also no entanglement
in the system, while there is the noncommutativity in the phase space. But in our
opinion, the parameters µ and ν reflect the intrinsic noncommutativity between
positions and momenta respectively (just like the Planck constant encodes the
noncommutativity of position and momentum), which should be independent on
the parameters of concrete physical models.
In other cases, the entanglement entropy of the system is always positive,
Eα(W00) > 0. This means that the subsystems are mixed states while the whole
system is in a pure state. So there is entanglement in the harmonic oscillators
in noncommutative phase space, while it vanishes in normal commutative phase
space. This is an entanglement-like effect caused by the noncommutativity of the
phase space.
When λ→ √3/3, namely, µν → −~2 and |m2ω2µ−ν| → ∞, the entanglement
entropy approaches to its maximum. The ranges of the entanglement entropy
7
Eα(W00) with different parameters α are as follows,
0 6 E1(W00) <
√
3
2
ln
(
2 +
√
3
)− 1
2
ln 2 = 0.794,
0 6 E2(W00) <
1
2
ln 3 = 0.549,
0 6 E3(W00) <
1
2
(
ln 5− ln 2) = 0.458,
0 6 E4(W00) <
1
3
ln 2 +
1
6
ln 3 = 0.414. (32)
From the expression (18), we can rewrite λ as
λ =
√
4 + (u− v)2
4 + (2− uv)(u− v)2 , (33)
where
u =
mωµ
~
, v =
ν
~mω
. (34)
Figure 1 shows the entanglement entropy E1(W00) with respect to the variables u
and v (here we assume −1 < uv < 1).
Figure 1: The entanglement entropy E1(W00), with respect to the variables u and
v.
Denote θ = µν/~2 = η2 − δ2, then −1 < θ < 1. We can also rewrite λ as
λ =
√
1 + δ2
1 + (2− θ)δ2 . (35)
Figure 2 shows E1(W00) with respect to the variables δ
2 and θ.
One can also plot the figures of Eα(W00) with other parameters α, which are
very similar to Figure 1 and Figure 2.
Figure 3 shows the entanglement entropy Eα(W00) with respect to the variable
λ, and α = 1, 2, 3, 4. E1 is just the von Neumann entropy. Obviously, we have
E1 > E2 > E3 > E4, and the equalities hold if and only if λ = 1. It is known that
the entropy measures the amount of information about the system. So this means
8
Figure 2: The entanglement entropy E1(W00), with respect to the variables δ
2 and
θ.
E1
E2E3
E4
0.6 0.7 0.8 0.9 1.0
λ
0.2
0.4
0.6
0.8
Eα
Figure 3: The entanglement entropy Eα(W00), with respect to the variable λ. E1
is the von Neumann entropy.
that, in general, the quantum Re´nyi entropy Sα(W ) with smaller number α can
give us more information about the physical systems.
One can also calculate the quantum Re´nyi entropy for the excited states of the
harmonic oscillators in the noncommutative phase space, but usually the results
are much more complex.
Furthermore, one can also consider the special case µ 6= 0 and ν = 0, and the
commutation relations of the coordinate operators are
[xˆi, pˆj] = iδij~ , [xˆ1, xˆ2] = iµ , [pˆ1, pˆ2] = 0 . (36)
This is one of the case studied most frequently in the literatures. In this case, we
have
δ = η =
1
2
u , λ =
√
1 + δ2
1 + 2δ2
=
√
4 + u2
4 + 2u2
, (37)
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and the entanglement entropy E1 of the system can be expressed as
E1(W00) = S1
(
W
(1)
00
)
=
1
2
(
1−
√
4 + 2u2
4 + u2
)
ln(u2)− ln
(
2
√
4 + u2
)
+
√
4 + 2u2
4 + u2
ln
(√
4 + u2 +
√
4 + 2u2
)
. (38)
It is easy to see that, in this case we have
0.707 =
√
2
2
< λ 6 1, (39)
and
0 6 E1(W00) <
√
2 ln
(
1 +
√
2
)
− ln(2) = 0.553. (40)
The entanglement entropy E1 of the harmonic oscillators in this case is plotted in
Figure 4. Obviously, the entanglement entropy E1 becomes larger as the absolute
-10 -5 5 10 u
0.1
0.2
0.3
0.4
0.5
E1
Figure 4: In the case µ 6= 0 and ν = 0, the entanglement entropy E1(W00) with
respect to the variables u.
value of u increases. This means that the entanglement of the harmonic oscillators
increases with the increase of the noncommutativity of the space.
For the case µ = 0 and ν 6= 0, one will obtain the similar results.
One can also use the Tsallis entropy to quantify the entanglement of the har-
monic oscillators [43]. In 4D noncommutative phase space, the Tsallis entropy
can be defined by the Wigner functions as follow,
S ′q(W ) =
1
q − 1
(
1− (4pi2(~2 − µν))q−1 ∫ W q∗ dx1dx2dp1dp2) , (41)
where q is a positive real parameter. Similar to the Re´nyi entropy, the Tsallis
entropy of pure states also equals zero in noncommutative phase space. So the
total entropy of the ground state of the 2D harmonic oscillators in NCPS is zero,
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S ′q(W00) = 0, and the entanglement entropy of the oscillator system is just the
entropy of the reduced states (13) or (14),
E ′q(W00) ≡ S ′q
(
W
(1)
00
)
= S ′q
(
W
(2)
00
)
=
1
q − 1
(
1− (2pi~)q−1
∫ (
W
(1)
00
)q
∗
dx1dp1
)
. (42)
For the cases with q = 1, the Tsallis entropy will reduce to the von Neumann
entropy. This is the same as the Re´nyi entropy. So for q = 1, the expression of the
Tsallis entropy S ′1
(
W
(1)
00
)
is just the same as S1
(
W
(1)
00
)
(25), and the entanglement
entropy E ′1(W00) is just the same as E1(W00) (28).
For the cases with integers q > 2, the entanglement entropy of the harmonic
oscillators can be expressed as
E ′q(W00) =
1
q − 1
(
1− 1
βq
(2λ)q−1
)
. (43)
Figure 5 shows the entanglement entropy E ′q(W00) with respect to the variable
λ, and q = 1, 2, 3, 4. Similarly, there is E ′1 > E ′2 > E ′3 > E ′4, and we also have
E′1
E′2
E′3
E′4
0.6 0.7 0.8 0.9 1.0
λ
0.2
0.4
0.6
0.8
E′q
Figure 5: The entanglement entropy E ′q(W00), with respect to the variable λ.
Ei > E ′i for i > 2. These equalities hold if and only if λ = 1. In general, the
value of the Re´nyi entropy Sn
(
W
(1)
00
)
is larger than that of the Tsallis entropy
S ′n
(
W
(1)
00
)
in noncommutative phase space.
4 Discussions and Conclusions
In this paper, we study the quantum entropy and entanglement of the ground
state of the 2D harmonic oscillators in noncommutative phase space. By virtue
of the deformation quantization method, we obtain the Wigner functions of the
harmonic oscillators. We propose a definition of the quantum Re´nyi entropy by
the Wigner functions in noncommutative phase space. Using the Re´nyi entropy,
we calculate the quantum entropy of the harmonic oscillators. We find that the
entropy of the whole system equals zero, and the entropy of the reduced states
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maybe nonzero. This means that the whole system is in a pure state while the
reduced states are mixed states. So the 2D isotropic harmonic oscillators can
be entangled in noncommutative phase space. This is an entanglement-like effect
caused by the noncommutativity of the phase space. To our knowledge, this effect
has not been reported in the literatures. We also derive the upper bound of the
entanglement entropy.
One can also use this method to calculate the entanglement entropy for the
excited states of the harmonic oscillators in the noncommutative phase space, but
usually the results are much more complex. We also use the Tsallis entropy to
analyse the entanglement entropy of the harmonic oscillators in noncommutative
phase space. The result is similar to that of the Re´nyi entropy.
Our results and methods can be generalized to the cases of other physical
systems in higher-dimensional noncommutative phase space. Since the quantum
entanglement has many applications in quantum information and other physical
areas, we hope that our results can help to study the physical properties of non-
commutative phase space. One can also use these results to test the entanglement
of the harmonic oscillators and then examine the noncommutativity of the phase
space by designing some experiments.
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Appendix A: Quantum Re´nyi entropy in commu-
tative and noncommutative phase space
The quantum Re´nyi entropy is a generalization of von Neumann entropy [44], it
can be defined as
Sα(ρ) = 1
1− α ln
(
Tr(ρα)
)
, (44)
where α is some real positive parameter, and ρ is the density operator. In the
limit for α→ 1, the quantum Re´nyi entropy is just the von Nuemann entropy,
S1(ρ) = −Tr
(
ρ ln(ρ)
)
. (45)
In normal commutative phase space, the quantum Re´nyi entropy can be defined
as [42],
Sα(W ) = 1
1− α ln
((
(2pi~)d
)α−1 ∫ Wα? (y, q)dydq) , (46)
where d is the number of degrees of freedom of the system under consideration,
and “2pi~” is from the size of the minimal phase space cell ∆yi∆qi [39]. W(y, q)
is the Wigner function of the system in commutative phase space. In normal
commutative phase space, the coordinate operators yˆi, qˆi satisfy the standard
commutation relations
[yˆi, qˆj] = iδij~ , [yˆi, yˆj] = 0 , [qˆi, qˆj] = 0 , (47)
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and the normal Moyal star product “ ? ” is defined as
? := exp
{∑
i
i~
2
(←−
∂yi
−→
∂ qi −
←−
∂ qi
−→
∂yi
)}
. (48)
Wn? is the n-th ?−power of the Wigner function W ,
Wn? =W ?W ? ... ?W︸ ︷︷ ︸
n
. (49)
For the pure states, the corresponding Wigner functions satisfy the orthogo-
nality relations (2pi~)dW ?W =W [45]. So in commutative phase space, we have
zero Re´nyi entropy for the pure states W , Sα(W) = 0. This is just the same as
the von Neumann entropy.
When α→ 1, the entropy Sα(W) defined above will reduce to the following,
S1(W) = −
∫
W ? ln?
(
(2pi~)dW)dydq, (50)
where the ?−logarithm is
ln?(f) := −
∞∑
n=1
(1− f)n?
n
. (51)
The expression (50) corresponds to the von Neumann entropy in phase space, and
it has already been studied in Ref. [42].
Now let us consider the quantum Re´nyi entropy in 4D noncommutative phase
space. In noncommutative phase space, the coordinate operators xˆi and pˆi satisfy
the extended commutation relations (1). Consider some transformation between
the coordinates of commutative phase space and those of noncommutative phase
space, 
x1
x2
p1
p2
 = M

y1
y2
q1
q2
 , (52)
where M is the corresponding transformation matrix. Using the commutation
relations (1) and (47), one can derive the following relations
0 iµ i~ 0
−iµ 0 0 i~
−i~ 0 0 iν
0 −i~ −iν 0
 = M

0 0 i~ 0
0 0 0 i~
−i~ 0 0 0
0 −i~ 0 0
MT . (53)
It is easy to derive the determinant of M ,
|M | = 1− µν
~2
. (54)
So in the 4D noncommutative phase space, the size of the minimal phase space
cell can be considered as
∆x1∆p1∆x2∆p2 = |M |∆y1∆q1∆y2∆q2
=
(
1− µν
~2
)
(2pi~)2 = 4pi2(~2 − µν). (55)
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Similar to the definition (46), the quantum Re´nyi entropy in 4D noncommutative
phase space can be defined as
Sα(W ) =
1
1− α ln
((|M |4pi2~2)α−1 ∫ Wα∗ dx1dp1dx2dp2)
=
1
1− α ln
((
4pi2(~2 − µν))α−1 ∫ Wα∗ dx1dp1dx2dp2) . (56)
This result can be generalized to the cases in higher-dimensional noncommutative
phase space.
Appendix B: The ∗−exponential functions
Define the ∗-exponential function as follow [45],
exp∗(Ht) ≡
∞∑
n=0
tn
n!
Hn∗ , (57)
where H is a Hamiltonian, and t is some parameter. Let us consider the following
special case,
H = (aixi + bipi)
2 + (cixi + dipi)
2, (58)
here i = 1, 2, and we have used the Einstein summation convention. Using the
∗−product (4), we have
d
dt
exp∗(Ht) = H ∗ exp∗(Ht)
=
[(
ai
(
xi+
i~
2
−→
∂pi+
iµ
2
ij
−→
∂xj
)
+bi
(
pi− i~
2
−→
∂xi+
iν
2
ij
−→
∂pj
))2
+
(
ci
(
xi+
i~
2
−→
∂pi+
iµ
2
ij
−→
∂xj
)
+di
(
pi− i~
2
−→
∂xi+
iν
2
ij
−→
∂pj
))2]
exp∗(Ht)
=
(
H − k2∂
H
− k2H∂ 2
H
)
exp∗(Ht), (59)
where
k = (a1d1 + a2d2 − b1c1 − b2c2)~ + (a1c2 − a2c1)µ+ (b1d2 − b2d1)ν
= (a · d− b · c) ~ + (a ∧ c)µ+ (b ∧ d) ν, (60)
and a = {a1, a2}, b = {b1, b2}, c = {c1, c2} and d = {d1, d2}. The solution of the
above differential equation can be expressed as
exp∗(Ht) =
1
cosh(kt)
exp
(
H
k
tanh(kt)
)
. (61)
So we have
exp
(
tanh(kt)
k
H
)
= cosh(kt)exp∗(Ht). (62)
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The value of the parameter t can be chosen as
t =
tanh−1(k)
k
, or
tanh(kt)
k
= 1, (63)
and we have
exp(H) = cosh
(
tanh−1(k)
)
exp∗
(
H
k
tanh−1(k)
)
=
1√
1− k2 exp∗
[
H
2k
ln
(
1 + k
1− k
)]
. (64)
Let us consider the simplest case H = ax21 + bp
2
1. There is k = ~
√
ab, and
exp(ax21 + bp
2
1) =
1√
1− ~2ab exp∗
[
ax21 + bp
2
1
2~
√
ab
ln
(
1 + ~
√
ab
1− ~√ab
)]
. (65)
So for the reduced state Wigner function W
(1)
00 (x1, p1) (13), we have
W
(1)
00 (x1, p1) =
√
1 + δ2
pi~
√
(1 + δ2)2 − δ2η2 e
−
√
1+δ2
~mω
(
p21
1+δ2−δη+
m2ω2x21
1+δ2+δη
)
=
λ
pi~
√
1− λ2 exp∗
[√
1 + δ2
2λ~mω
(
p21
1 + δ2 − δη +
m2ω2x21
1 + δ2 + δη
)
ln
(
1− λ
1 + λ
)]
. (66)
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